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Q1

Statement. For any sets X, Y, Z and any maps f: X — Y and g:Y — Z, if f is injective
and g is injective, then g o f is injective.

Statement is true.
Proof. 1f f is injective, by definition,
Vi, 10 € X, f(11) = f(22) = 21 =12
If ¢ is injective, by definition,
Yyry2 €Y. g(y1) = 9(y2) = 11 = 4o

g o f is defined as
Ve e X. (go f)(z) :=g(f(2)).
Then given a,b € X,

it (g0 f)(a) = (g0 f)(b), then
by definition of the composite map g o f, g(f(a)) = g(f(b)).
Since g is injective and f(a), f(b) € Y, this implies f(a) = f(b).
Since f is injective and a,b € X, this implies a = b.
Therefore, we can conclude that given f is injective and g is injective,
Va,b € X. (go f)(a) = (g0 ))(b) — a—b,

g o f is injective. L



Q2

Statement. For any sets X, Y, Z and any maps f: X — Y and g:Y — Z, if f is injective
and g is surjective, then g o f is injective.

Statement is false.

Negation. There exists sets X,Y,Z and maps f : X — Y and g : Y — Z such that, f is
injective and g is surjective, but g o f is not injective.

Proof. Let
X :={1,2,3},
Y :={4,5,6,7},
7 :={10,11},

TfCXxY:={(14),(25),(3,6)}
Tg CY x Z:={(4,10), (5,10),(6,11), (7, 11)}.

Trivially, it can be visually verified that f and g are totally-defined and well-defined.
f is injective, because

VI'l,[EQ e X. 1 7é Ty — f(CCl) 7é f(l‘g)

g is surjective, because
Ve Z yeY. gly) =z

g o f is defined as
Vo e X. (go f)(z) = g(f(x)).

In this example,
T'(gof) C X x Z:={(1,10),(2,10), (3,11)}.
Take a,b € X to be 1 and 2 respectively,
(go f)(1) = (gof)(2) = 10.
Since there exists a,b € X such that (go f)(a) = (go f)(b) and a # b,
g o f is not injective.

Therefore, we can conclude that there exists sets X, Y, Zandmaps f : X — Yandg:Y — 7
such that f is injective and g is surjective, but g o f is not injective. O]



Q3

Statement. For any sets X,Y,Z and any maps f : X — Y and g:Y — Z, if [ is surjective
and g is injective, then g o f is injective.

Statement is false.

Negation. There exists sets X,Y,Z and maps f : X — Y and g : Y — Z such that, f is
surjective and g is injective, but g o f is not injective.

Proof. Let
X :={1,2,3},
Y :={4,5},
7 :={10,11},

DfCXxY:={(1,4),(25) (34},
Tg CY x Z = {(4,10), (5,11)}.

Trivially, it can be visually verified that f and g are totally-defined and well-defined.

f is surjective, because
VyeY. dr e X. f(z) =y.

g is injective, because
Yy, €Y.y # Y2 = g(y1) # 9(12).

g o f is defined as
Vo e X. (go f)(z) = g(f(x)).

In this example,
T'(gof) C X x Z:={(1,10),(2,11),(3,10)}.
Take a,b € X to be 1 and 3 respectively,
(go f)(1) = (go f)(3) = 10.
Since there exists a,b € X such that (go f)(a) = (go f)(b) and a # b,
(g o f) is not injective.

Therefore, we can conclude that there exists sets X, Y, Zandmaps f : X — Yandg:Y — 7
such that f is surjective and g is injective, but g o f is not injective. O]



Q4

Statement. For any sets X, Y, Z and any maps f: X — Y and g:Y — Z, if f is injective
and g is surjective, then g o f is surjective.

Statement is false.

Negation. There exists sets X,Y,Z and maps f : X — Y and g : Y — Z such that, f is
injective and g is surjective, but g o f is not surjective.

Proof. Let
X = {1,2},
Y :={4,5,6},
7 :={10,11,12},
fCX xY={(1,4), 25}
I'g CY x Z:={(4,10),(5,11),(6,12)}.

Trivially, it can be visually verified that f and g are totally-defined and well-defined.
f is injective, because

Vo, zo € X. f(21) = f(22) = 21 = 20

g is surjective, because
Ve Z yeY. gly) =z

g o f is defined as
Vo e X. (go f)(z) = g(f(x)).

In this example,
D(go f) € X x Z := {(1,10),(2,11)}.

Take 12 € Z,
Ve e X. (go f)(z) # 12.

Since 3z € Z. Vo € X. (go f)(x) # z,
g o f is not surjective.

Therefore, we can conclude that there exists sets X, Y, Zandmaps f : X — Yandg:Y — Z
such that f is injective and g is surjective, but g o f is not surjective. [



Q5

Statement. For any sets X,Y,Z and any maps f : X — Y and g:Y — Z, if [ is surjective
and g s injective, then g o f is surjective.

Statement is false.

Negation. There exists sets X,Y,Z and maps f : X — Y and g : Y — Z such that, f is
surjective and g is injective, but g o f is not surjective.

Proof. Let
X :={1,2,3},
Y :={4,5},
7 :=1{10,11,12},
MfCXxY :={(1,4),(2,5),(3,4)},
g CY x Z:={(4,10),(5,11)}.

Trivially, it can be visually verified that f and g are totally-defined and well-defined.
f is surjective, because
VyeY. dr e X. f(z) =y.

g is injective, because
VyLy €Y. yr #y2 = g(yn1) # 9(y2)-

g o f is defined as
Vo e X. (go f)(z) = g(f(x)).

In this example,
D(go f) € X x Z = {(1,10), (2,11, (3, 10)}.

Take 12 € Z,
Ve e X. (go f)(z) # 12.

Since 3z € Z. Vx € X. (go f)(x) # z, g o f is not surjective.

Therefore, we can conclude that there exists sets X, Y, Zandmaps f : X — Y andg:Y — Z
such that f is surjective and g is injective, but g o f is not surjective. O]



Q6

Statement. For any sets X,Y,Z and any maps f : X — Y and g:Y — Z, if [ is surjective
and g is surjective, then g o f is surjective.

Statement is true.
Proof. 1f f is surjective, by definition,
YVyeY. dJre X. f(z)=y.
If ¢ is surjective, by definition,
Ve Z dyeY. gly) =z

go f is defined as
Vo € X. (go f)(x) = g(f()).
Then given c € Z,

Since g is surjective, 3b € Y. g(b) = c.
f is also surjective, so given b € Y, Ja € X. f(a) = b.
Therefore, 3a € X. g(f(a)) = c.
Therefore, we can conclude that given f is surjective and ¢ is surjective,

Vee Z. dae X. (go f)(a) =c¢,

g o f is surjective. ]



Q7
(a)
Claim. Given sets A, B, AC B iff AUB = B.

Proof. Assume A C B, thenVx. x € A = z € B. (=)
Let x € AU B be arbitary, but fixed, then,

(x€e A)V (z € B).
Case r € A, since AC B,x € B.

Case = € B, trivially, x € B.

Because for any arbitary z, r € AUB = x € B, we have AU B C B.
Conversely let z € B be arbitary, but fixed, then trivially,

r€B
(x € A)V (z € B)
re AUB

Since for any arbitary x, x € B =— = € AUB, we have B C AUB. Now because AUB C B
and B C AU B, we conclude that if A C B, then AU B = B.
Assume AU B = B, then by axiom of extentionality, (<)

Ve.x € AUB <— x € B
Ve. (t€ A)V(r€B) <= z€B

Let x € A be arbitary, but fixed, then by above statement, x € B. Because for any arbitary
r,x € A = x € B, we conclude that if AU B = B, then A C B.
We have ACB — AUB=Band AUB=B — ACB,so ACBit AuUB=B. [



(b)
Claim. Given sets A, B, ANB=Aiff AUB=B.

Proof. Assume AN B = A, then by axiom of extentionality, (=)

Vi.x€e ANB < x€ A
Ve.(re A)N(z€B) <= z€ A (1)

Let x € AU B be arbitary, but fixed, then,
(x € A)V (z € B).
Case x € A, by (1), (x € A)A(z € B),sox € B.
Case x € B, trivially, x € B.

Because for any arbitary x, t € AUB = x € B, we have AUB C B.
Conversely let © € B be arbitary, but fixed, then trivially,

r€B
(xe A)V (z € B)
re AUB

Since for any arbitary x, r € B =— x € AUB, we have B C AU B. Because AUB C B
and B C AU B, we conclude that if AN B = A, then AUB = B.
Now assume AU B = B, then by axiom of extentionality, (=)

Ve.x e AUB <= x€ B
Ve.(r € A)V(r€B) <= z€B (2)

Let x € AN B be arbitary, but fixed, then,

(x € A)A(z € B)
reA

Because for any arbitary z, t € AN B = x € A, we have AN B C A.
Conversely let € A be arbitary, but fixed, then by (2), € B.
Since x € A to begin with, we have

(x € A)A(z € B)
reANB

Since for any arbitary x, r € A = x € AN B, we have A C AN B. Because ANB C A
and A C AN B, we conclude that if AUB = B, then AN B = A.

We have ANB=A — AUB=Band AUB=B — ANB=A,s0o ANB=Aiff
AUB = B. Il



Qs

Claim. Let A, B and U be sets so that A C U and B C U. A = 0 iff the equality
(UNA)NB)U(AN(U\ B)) = B holds.

Proof. Assume A = (), then V. x &€ A. Since BC U, soVer.2 € B = x € U. (=)

(U\NA)NB)U(AN(U\ B))
={zeU:(zec(U\A)NB)V(xe An(U\B)) }
={zeU:((zeU\A)AN(xeB)V((xe AAN(xeU\B))}
={zeU:(zcecU\A)AN(xeB)} by x & A
={zeU:(zeU)AN=(xeA)N(xe€B)}
={zeU:(ze€U)AN(x€B)}
={zeU:ze€B} byreB = z€U
=B

If A=, then the equality (U\ A)NB)U (A (U \ B)) = B holds.
Now assume (U\ A)NB)U(AN((U\ B)) =
By axiom of extentionality,

(=)

Ve.z € ((UNA)NB)UAN(U\B)) < z€B
Ve.(x € (U\NA)NB)V(xe AN(U\B)) < z€B

Ve, (e U\NA)AN(ze€B)V((xe ANz €eU\B)) < z€B

Ve. ((x e U)N=(z€e A)N(z e B))V((ze A N(zr€eU)AN=(xeB)) <= z€B

Ve, ((r€e A)N(x€eU)AN-(x€B)) = z€B

Suppose for a contradiction that 9z € A, since A C U, z € U,

ifxr g B, (x€ A)A(x € U)A~—(x € B) is true, but x € B false, a contradiction.

Therefore if the equality (U \ A)N B)U (AN (U \ B)) = B holds, there must not exist
where x € A, that is, Vz. o € A, which means A = ().

Because A=) — (U\A)NB)U(AN(U\ B)) = B and
(UNANB)UANU\B))=B = A=),

we can conclude that A = ) iff the equality (U \ A)NB) U (AN (U \ B)) = B holds. O



Q9

Claim. Suppose f : X — Y isinjective. Then for any setT’, the map ®7 of “post-composition
with f7 is injective.

Proof. f is injective, by definition,
V:cl,zzzg c X. f(.fl?l) = f(:c2) == I = To.
For any set T', the map ®7 of “post-composition with f” is defined as

Y6 € Maps(T, X). dr(6) := (f 0 ).
Given any set T and ¢1, ¢o € Maps(T, X),
if fod1=fogy, then

VieT.VyeY. (t,y) el
VieT.VyeY. (fopr)(t
vteT. (fo¢i)(t
vteT. f(o1(t) = f(

Since ¢1(t), ¢2(t) € X, by injectivity of f,

(fod) <= (t,y) €T(fo o)
)=y = (fop)(t) =

) = (f o d2)(2)
Pa(t))

Vi€ T. ¢1(t) = ¢o(t)
VieT.Ve e X. ¢1(t) =0 <= ¢ot) ==
VieT. Ve e X. (t,x) e¢y <= (t,z) € o

Therefore ¢ = ¢o.

For any set T', for all ¢y, o € Maps(T, X), we have (f o ¢1) = (f o ¢2), implies ¢ = .
This means that if f is injective, the map ®7 of “post-composition with f” is injective for
any set 7. [
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Q10

Claim. Suppose for any set T', the map ®1 of “post-composition with f 7 is injective.

f: X =Y isinjective.

Proof. For any set T', the map ®7 of “post-composition with f” is defined as
V6 € Maps(T, X). Op() i= (f 0 6).

®7 of “post-composition with f” is injective, by definition, for any set T,

Vo1, ¢p € Maps(T, X). (fod1) = (fods) = ¢1 =2

Then

(1)

By definition, Maps(7', X') contains all maps from T to X, this means that given T # 0,

Ve e X.Vt€T. 3¢ € Maps(T, X). (t,x) €
Ve e X.Vt€T. 3¢ € Maps(T, X). ¢(t) =

Given z1,x9 € X, if f(x1) = f(x2), then

Take x1 = ¢1(ty) and xy = ¢o(ty), where ¢1, o € Maps(T, X) and ¢, € T is arbitary,

but fixed, then
[(@1(t0)) = f(d2(to))-

Since t, is arbitary,

VteT. f(¢1(t)) = f(pa(t))

VteT. (fodi)(t)=(f o@)()
VEeET.VyeY. (fog)(t) =y < (foga)(t) =
VteT.VyeY. (ty) €el(fog) < (t,y) € (fogp)

(fodr)=(foes)

Because @7 of “post-composition with f” is injective, by (1),

o1 = ¢2
¢1(to) = ¢2(to)
1 = T2

Since
Vo, vy € X. f(11) = f(22) = 21 =29

We can conlude that if the map &7 of “post-composition with f” is injective for any set T,

f is injective.

11

]



Q11

Claim. Suppose f : X — Y is surjective. Then for any setT', the map W of “pre-composition
with f7 is injective.

Proof. f is surjective, by definition,
VyeY. Jre X. f(z) =y. (1)
The map Uy of “pre-composition with f” is defined as
Vb € Maps(Y, T). Wr(1) i= (6 f).

Given any set T and 1,19 € Maps(Y, T,
if \IIT(’(ﬂl) = \I,T(w2>7 then

(1o f)=(zo0 )

Ve € X. (1o f)(z) = (20 f)(z)

Vo € X. ¢ (f(2)) = ¥2(f ()

Yy €Y. 1(y) = 1a(y) by (1)
Vy e Y. VtET. i(y) =t <= Pyy) =t

YyeY. VteT. (y,t) € [y <= (y,t) € I'iy

Therefore 1 = 1s.

For any set T, for all 1,1, € Maps(Y,T), we have (1)1 0 f) = (g0 f) = 11 = 1s.

This means that if f is surjective, the map W, of “pre-composition with f” is injective for
any set 7. O]

12



Q12

Claim. Suppose for any set T', the map Vr of “pre-composition with f” is injective. Then
f: X —Y is surjective.

Proof. For any set T', the map W of “pre-composition with f” is defined as
Vb € Maps(Y, T). Wr(v) i= (6 f).
The map Uy of “pre-composition with f” is injective, by definition, for any set T,
Vip1,iha € Maps(Y,T). 1 # 2 = (10 f) # (¥20 f) (*)
Suppose for a contradiction that f is not surjective, meaning
JyeY. VeeX. f(z)#£y
Take Yy C Y to be when the above condition holds,
Vor={yeY :VzeX f(x)#y}
VyeY\Yy dr e X. f(z)=y.
Take 11,19 € Maps(Y,T') where 11 # 1), specifically

Yy € Y\ Yo ¥i(y) = a(y) (1)
Yy € Yo. i (y) # va(y)

Then for all z € X, f(z) € Y \ Yy, then by (1)

Ve € X. 1(f(z)) = o f(2)
Ve e X. (Y10 f)(x

Vee X.VteT. (Y0 f)(x 9 )
Vee X.VteT. (z,t) eT(¢p1of) — (x,t) € (g0 f)
(1o f) = (Y20 f)

There exists maps 11,9, € Maps(Y,T) where ¢y # 1 and (¢1 o f) = (Y90 f), a
contradiction with (*).

Therefore, if the map W7 of “pre-composition with f” is injective for any set T, f is surjective.
O]
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