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22nd March 2018

Question 1

,1.2 ,1/2
Find the point on the paraboloid z = T + '2[.
J

that is closest to the point (3,0,0)

Solution. For any point (x,y, z), the distance between (x,y, z) and (3,0,0) is given by

D(x,y,2) = \/(x —3)2 + 2 + 22,

By hint, D is minimum if and only if D2 is minimum, so it suffice to find minimum of D? given

the constraint that
72 2

9(x,y,2) =" + 5 —2=0.

l\')‘ﬁd
[

Proceed to use Lagrange Multipliers to find maximum of D? given g(x,y,z) = 0, since

Vg#o0,
V(DQ)(x,y,z) - <2($ _3>72y72z>

r 2
Vg(x,y,z) = <272?ga_1>

Now proceed to solve V(D?)(x,y,2) = AVg(z,y,z), which gives the following system of
equations

2z —3) =5 ) Az —3) = Az )
2y:)\@ 25y = \y
22 =—M\ Z__§

2?2 | P N

Z =% | 1 to5=7% )
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From second equation, y = 0 or A = 25.

. Case A = 25, then z = —275, and

4xr — 12 = 25x
o4
7
This has no solution in R as %20>z—ﬁ:—%—f9.

. Case y = 0, then fourth equation reduces to 2 = 4z,

x2 =14z

x2 = —2)\
2
x

A=—5

substituting that into our first equation we get

3
x
4dr —12 = —5
23 +8x—24=0
r=2
Then we get z = 1. The only critical point is (2,0,1). [ |

Question 2

Suppose that the temperature of a metal plate is given by T(m, y) =224 2z + yQ for
points (x,y) on the elliptical plate defined by z2 + 4y? < 24.

Find the maximum and minimum temperatures on the plate.

Solution. The gradient vector for T'is given by
VT (z,y) = (2x +2,2y) .

The critical points are when V1" = 0, so

20 +2=0
2y=10
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The only critical point obtained is (—1,0), which is eyeballed to be inside the elliptical plate.

Next, proceed to use Lagrange multipliers to find critical points on the boundary, let g(:c,y) =
22 + 4y = 24 be our constraint. Then

Vg(z,y) = (2z,8y) .

Solving VT'(z,y) = AVg(x,y), we obtain the system of equations

r+1=>Xx
y =4y
22+ 4y? =24
From second equation, A = % ory=0,
- Case A = 7, then
r+1= %
o= 2
3

Substituting that into our constraint,

196+4y2:24

50

2 _ Y

¥ =3
5vV2

. Case y =0, then 22 = 24, so x = +-2/6.
Tabulating the critical points,
(z,9) (-1,0) (—4,+22) (2V6,0) (-2v6,0)

T(z,y) —1 U 24 +4v6 24 —46

min max
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Question 3

Evaluate the following integral

2 2
/ / V2 +ydr dy.
07 vy

Solution. Let the region of integration be called D, so
D={(z,y):0<y<4,/y<z<2}.

But D can also be expressed as
D={(z,y):0<2<2,0<y<a?}.

This allows us to rewrite the integral as

2 x2
// \/x2+ydA:/ / Vari+ydydx
D 0 0

2 x2
= [ f@+n”] @
0 0

— 3/2 ((2:1:2)3/2 _ (332)3/2) dr
0

5 2
:3/ (23/2—1)a:3da:
0
2 ek
23(23/2—1) [4]0 dx
:2(23/2—1) |

Question 4

Rewrite the following iterated integral in the order dy dx dz:

1 V1-z2 ,y/2
/ / / f(x,y,z) dz dy dzx.
—17 0 0
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Solution. Let D denote the region of integration, then it can be given by

D= {:Uy,z) —1<2<1,0<y<vV1—22,0<z2<

NI

5

To infegrate in the order dy dx dz, first find absolute bounds for z.

2
Sggle

5 =

l\')\r—t

so0<z<1/2

Next up, find bounds for x, note that because z2 + 32 < 1, and y > 2z,

2] < /1 —y?
| < V1—422

—V1—4z22 <x<+V1—422

Lastly, note that because z < y/2, y is bounded below as 2z < y. So 2z <y < V1 —x2
Then rewriting the integral, we have

1/2  pV/1-422 Vi— x2
// flx,y,2) dV = / / / f(z,y,2) dy dz dz. [
Vi-4z2 7 22
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