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Question 1

Find
∭

𝐸
𝑧(𝑥2 + 𝑦2 + 𝑧2)−3/2 𝑑𝑉

where
𝐸 ∶= { (𝑥, 𝑦, 𝑧) ∶ 𝑥2 + 𝑦2 + 𝑧2 ≤ 16, 𝑧 ≥ 2 } .

Upper bound for 𝜙 happens at 𝑧 = 2, 𝑥2 + 𝑦2 = 12, then 𝜌 = 4 and 𝜙 = arccos(2/4) = 𝜋/3.

Since 𝑧 = 𝜌 cos 𝜙 and 2 ≤ 𝑧, we have 2 sec 𝜙 ≤ 𝜌.

Hence, converting to spherical coordinates, we have

𝐸 = { (𝜌 sin 𝜙 cos 𝜃, 𝜌 sin 𝜙 sin 𝜃, 𝜌 cos 𝜃) ∶ 0 ≤ 𝜃 ≤ 2𝜋, 0 ≤ 𝜙 ≤ 𝜋
3

, 2 sec 𝜙 ≤ 𝜌 ≤ 4 }

1
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then computing the integral, we have

∭
𝐸

𝑧(𝑥2 + 𝑦2 + 𝑧2)−3/2 𝑑𝑉 = ∫
2𝜋

0
∫

𝜋/3

0
∫

4

2 sec 𝜙
𝜌 cos 𝜙(𝜌2)−3/2(𝜌2 sin 𝜙) 𝑑𝜌 𝑑𝜙 𝑑𝜃

= 2𝜋 ∫
𝜋/3

0
∫

4

2 sec 𝜙
cos 𝜙 sin 𝜙 𝑑𝜌 𝑑𝜙

= 2𝜋 ∫
𝜋/3

0
(4 − 2 sec 𝜙) cos 𝜙 sin 𝜙 𝑑𝜙

= 4𝜋 ∫
𝜋/3

0
2 sin 𝜙 cos 𝜙 − sin 𝜙 𝑑𝜙

= 4𝜋 ∫
𝜋/3

0
sin(2𝜙) − sin 𝜙 𝑑𝜙

= 4𝜋 [−cos(2𝜙)
2

+ cos 𝜙]
𝜋/3

0

= 4𝜋 (1
4

+ 1
2

+ 1
2

− 1) = 𝜋 �

Question 2

Find
∬

𝐷
𝑥 𝑑𝐴

where
𝐷 ∶= { (𝑥, 𝑦) ∶ 𝑥2 + (𝑦 − 1)2 ≤ 1, 𝑥2 + 𝑦2 ≥ 1 } .

To convert polar coordinates, we need the ranges of (𝑟, 𝜃). To find range of 𝜃, we first need to find
points where the two circles intersect. By inspection, we have 𝑦 = 1

2 . Solving 𝑥2 + 1
4 = 1 gives the

solution that 𝑥 = ±
√

3
2 . Then

arctan ( 1√
3

) ≤ 𝜃 ≤ arctan (− 1√
3

)

𝜋
6

≤ 𝜃 ≤ 5𝜋
6
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Next find bounds for 𝑟, it is obvious that 𝑟 ≥ 1, it remains to find upper bound.

𝑥2 + (𝑦 − 1)2 ≤ 1

𝑥2 + 𝑦2 − 2𝑦 ≤ 0

𝑟2 ≤ 2𝑟 sin 𝜃

𝑟 ≤ 2 sin 𝜃

because 𝑟 ≥ 1. So

𝐷 = { (𝑟 cos 𝜃, 𝑟 sin 𝜃) ∶ 𝜋
6

≤ 𝜃 ≤ 5𝜋
6

, 1 ≤ 𝑟 ≤ 2 sin 𝜃 }

Therefore,

∬
𝐷

𝑥 𝑑𝐴 = ∫
5𝜋/6

𝜋/6
∫

2 sin 𝜃

1
𝑟 cos 𝜃 𝑟 𝑑𝑟 𝑑𝜃

= ∫
5𝜋/6

𝜋/6
cos 𝜃 [𝑟3

3
]

2 sin 𝜃

1
𝑑𝑟

= ∫
5𝜋/6

𝜋/6

8
3

sin3 𝜃 cos 𝜃 − 1
3

cos 𝜃 𝑑𝜃

= [2
3

sin4 𝜃 − 1
3

sin 𝜃]
5𝜋/6

𝜋/6

= 0 ∵ sin (𝜋
6

) = sin (5𝜋
6

) �

Question 3

Find

∬
𝐷

2𝑥2 + 𝑦2

𝑥𝑦
𝑑𝐴

where
𝐷 ∶= {(𝑥, 𝑦) ∶ 1 ≤ 𝑦√

𝑥
≤ 2, 1 ≤ 𝑥2 + 𝑦2 ≤ 4}.

Let 𝑢 = 𝑥2 + 𝑦2 and 𝑣 = 𝑦√
𝑥 . Clearly we have 1 ≤ 𝑢 ≤ 4 and 1 ≤ 𝑣 ≤ 2. We have

𝜕(𝑢, 𝑣)
𝜕(𝑥, 𝑦)

= ∣
2𝑥 2𝑦

−1
2𝑦𝑥−3/2 𝑥−1/2∣

= 2𝑥1/2 + 𝑥−3/2𝑦2
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Using the identity that
𝜕(𝑢, 𝑣)
𝜕(𝑥, 𝑦)

=
1

𝜕(𝑥, 𝑦)
𝜕(𝑢, 𝑣)

we can compute the change of variable

∬
𝐷

2𝑥2 + 𝑦2

𝑥𝑦
𝑑𝐴 = ∫

2

1
∫

4

1

2𝑥2 + 𝑦2

𝑥𝑦
⋅ 1

2𝑥1/2 + 𝑥−3/2𝑦2 𝑑𝑢 𝑑𝑣

= ∫
2

1
∫

4

1

2𝑥2 + 𝑦2

𝑦 (2𝑥3/2 + 𝑥−1/2𝑦2)
𝑑𝑢 𝑑𝑣

= ∫
2

1
∫

4

1

2𝑥2 + 𝑦2

𝑦
√

𝑥
(2𝑥2 + 𝑦2)

𝑑𝑢 𝑑𝑣

= ∫
2

1
∫

4

1

1
𝑣

𝑑𝑢 𝑑𝑣

= 3 [ln 𝑣]21 = 3 ln 2 �
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