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12th April 2018

Question 1

Find

/// 2(2% 4 y? +22)732av
E

E::{(xvy,z>:x2—|—y2+22§167222}.

where

Upper bound for ¢ happens at z = 2, 22 4+ y? = 12, then p = 4and ¢ = arccos(2/4) = 7/3.
Since z = pcos¢ and 2 < z, we have 2sec ¢ < p.

Hence, converting to spherical coordinates, we have

E:{(psind>cos€7psin¢sin€,pcos€) :0<0<2m,0< ¢ < §,2secgb§p§ 4}
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then computing the integral, we have

2 /3 4
/// 2(2? +y? 4 2232 dv = / / / pcos ¢(p?)3/2(p? sin ¢) dp d¢ db
E 0 0 2sec ¢

w/3 4
= 27r/ / cos ¢singp dp do
0 2sec ¢

/3
27r/ (4 — 2sec ) cos ¢psin ¢ do
0

/3
471/ 2sin ¢ cos ¢ — sin ¢ do
0

/3
= 471/ sin(2¢) — sin ¢ do
0

w/3

+ cos <;5]

0

Question 2

Find

//Ddi

D:i={(z,y): 2+ (y—1)2? <122 +y>>1}.

where

To convert polar coordinates, we need the ranges of (r, 8). To find range of 6, we first need to find
points where the two circles intersect. By inspection, we have y = % Solving 2 + i = 1 gives the
solution that z = i?. Then
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Next find bounds for r, it is obvious that r > 1, it remains to find upper bound.

2?24+ (y—1)2<1
22+ -2y <0
r? < 2rsinf

r < 2sinf
becauser > 1. So

D= {(rcos&,rsin@) :

Therefore,

57/6 2sin 6
// di:/ / rcosfrdrdf
D /6 1

57/6 7’3 2sin6
= / cosf [] dr
/6 31

™

57’[’/6 1
/ bm 90030—§cosed«9
|: 571'/6

2
sin*f — = s1n9]
/6

5
=0 -sin (g) = sin (g) [ |

Question 3

Find

22 2
// Y A
D Y

Di={(a,y): 1<

where
<2,1<2?+y% <4}

S=

Letu =22 +y?andv = %.Clearlywe havel <u < 4and1 < v < 2. We have

2x 2y
- yx_3/2 2 1/2

— 251/2 4 g3/22
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Using the identity that

ou,v) 1
dz,y) d(x,y)
O(u,v)

we can compute the change of variable

9.2 2 2 rdog.2 2 1
//WdA:// ik S S Y
p Ty 1/ Ty 221/2 4 1=3/2y
2 4 2 2
2
:/ / 3/326 —Hil/Q 5 du dv
Ly (2032 2 12y2)

:/ / TV qude
1 1

TR

2 4
1

:/ / —dudv
171 Y

:3[lnv]?:3ln2 [ |
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