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Question 1

Closure and associativity follows.

Let 𝑎 ∈ 𝐺, by RG4 there exists 𝑏 ∈ 𝐺 such that 𝑎𝑏 = 𝑒, then

𝑎𝑏 = 𝑒

𝑏𝑎𝑏 = 𝑏𝑒

= 𝑏 by (RG3)

by RG4 we also have 𝑐 ∈ 𝐺 such that 𝑏𝑐 = 𝑒, then

𝑏𝑎𝑏𝑐 = 𝑏𝑐

𝑏𝑎(𝑏𝑐) = 𝑒

𝑏𝑎𝑒 = 𝑒

𝑏𝑎 = 𝑒 by (RG3)

we now have 𝑎𝑏 = 𝑏𝑎 = 𝑒 which proves G4.

Now that we have shown that our inverse is double-sided, let 𝑎 ∈ 𝐺, we have

𝑒𝑎 = 𝑎𝑎−1𝑎

= 𝑎𝑒

= 𝑒 by (RG3)

this proves G3, so (𝐺, ∗) is a group. �
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Question 2

Part 0, 𝑎𝑏 = 𝑒 implies 𝑏𝑎 = 𝑒.

Suppose 𝑎𝑏 = 𝑒, then

𝑏𝑎𝑏 = 𝑏

𝑏𝑎𝑏𝑏−1 = 𝑏𝑏−1

𝑏𝑎 = 𝑒 �

Part (i), (𝑎−1)−1 = 𝑎.

By part 0, we can just show that 𝑎−1𝑎 = 𝑒, which is clear from definition of 𝑎−1.

Part (ii), (𝑎𝑏)−1 = 𝑏−1𝑎−1.

By part 0, we can just show that (𝑎𝑏) 𝑏−1𝑎−1 = 𝑒, which is true because

𝑎𝑏𝑏−1𝑎−1 = 𝑎𝑎−1 = 𝑒.

Part (iii), cancellation law.

Suppose 𝑎𝑐 = 𝑏𝑐, then 𝑎𝑐𝑐−1 = 𝑏𝑐𝑐−1 ⟹ 𝑎 = 𝑏. Similarly suppose 𝑐𝑎 = 𝑐𝑏 then 𝑐−1𝑐𝑎 =
𝑐−1𝑐𝑏 ⟹ 𝑎 = 𝑏.

Part (iv), 𝑎𝑥 = 𝑏 has unique solution 𝑥 in 𝐺.

Suppose 𝑎𝑥 = 𝑏, then 𝑥 = 𝑎−1𝑏, which could be verified to be a solution. For uniqueness, suppose
there exists 𝑥, 𝑥′ ∈ 𝐺 such that 𝑎𝑥 = 𝑎𝑥′ = 𝑏, then 𝑥 = 𝑥′ by cancellation law.

Part (v),

Let 𝑚, 𝑛 ∈ ℤ, 𝑎 ∈ 𝐺. Note that conclusion trivially holds if 𝑚 = 0 or 𝑛 = 0.
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Suppose 𝑛 < 0, 𝑚 > 0, then

𝑎𝑚𝑎𝑛 = 𝑎 ⋅ 𝑎 ⋯ 𝑎⏟
𝑚 times

⋅ 𝑎−1 ⋅ 𝑎−1 ⋯ 𝑎−1⏟⏟⏟⏟⏟⏟⏟
−𝑛 times

=
⎧
{
⎨
{
⎩

𝑎 ⋅ 𝑎 ⋯ 𝑎⏟
𝑚+𝑛 times

if |𝑚| ≥ |𝑛|

𝑎−1 ⋅ 𝑎−1 ⋯ 𝑎−1⏟⏟⏟⏟⏟⏟⏟
−𝑛−𝑚 times

if |𝑚| < |𝑛|

In both cases, 𝑎𝑚𝑎𝑛 = 𝑎𝑚+𝑛. An analogous argument works for the case where 𝑛 > 0 and 𝑚 < 0.

Now suppose 𝑛 > 0, 𝑚 > 0, then

𝑎𝑚𝑎𝑛 = 𝑎 ⋅ 𝑎 ⋯ 𝑎⏟
𝑚 times

⋅ 𝑎 ⋅ 𝑎 ⋯ 𝑎⏟
𝑛 times

= 𝑎 ⋅ 𝑎 ⋯ 𝑎⏟
𝑚+𝑛 times

= 𝑎𝑚+𝑛

and the exact same argument also works the case where 𝑛 < 0, 𝑚 < 0 (replace 𝑎 with 𝑎−1). �

Question 3

Part (i)

From elementary set theory we get the result that 𝜙−1 is a bijection too. It remains to show that 𝜙−1 is
also a group homomorphism.

Let ℎ, ℎ′ ∈ 𝐻.

ℎ ⋆ ℎ′ = 𝜙 (𝜙−1 (ℎ)) ⋆ 𝜙 (𝜙−1 (ℎ′))

= 𝜙 (𝜙−1 (ℎ) ∗ 𝜙−1 (ℎ′))

𝜙−1 (ℎ ⋆ ℎ′) = 𝜙−1 (𝜙 (𝜙−1 (ℎ) ∗ 𝜙−1 (ℎ′)))

= 𝜙−1(ℎ) ∗ 𝜙−1(ℎ′) �
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Part (ii)

Again, from elementary set theory, we have the result that 𝜓 ∘ 𝜙 – a composition of two bijections, is a
bijection. Let 𝑔1, 𝑔2 ∈ 𝐺.

(𝜓 ∘ 𝜙) (𝑔1 ∗ 𝑔2) = 𝜓 (𝜙 (𝑔1 ∗ 𝑔2))

= 𝜓 (𝜙(𝑔1) ⋆ 𝜙(𝑔2))

= 𝜓 (𝜙(𝑔1)) • 𝜓 (𝜙(𝑔2))

= (𝜓 ∘ 𝜙) (𝑔1) • (𝜙 ∘ 𝜙) (𝑔2)

Hence 𝜓 ∘ 𝜙 is a group isomorphism. �
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