MA2202S Homework 1

Qi Ji

2nd September 2018

Question 1

Closure and associativity follows.

Leta € G, by RG4 there exists b € GG such that ab = ¢, then

ab=¢e
bab = be
=} by (RG3)

by RG4 we also have ¢ € G such that bc = e, then

babc = be
ba(bc) = e
bae = e
ba =e by (RG3)

we now have ab = ba = e which proves G4.

Now that we have shown that our inverse is double-sided, let a € G, we have

this proves G3, so (G, *) is a group. O
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Question 2

Part 0, ab = e implies ba = e.

Suppose ab = e, then

bab =5
babb~1 = bb!
ba =e€ |

Part (i), (¢!) ™" = a.

By part 0, we can just show that a—'a = e, which is clear from definition of a—!.

Part (i), (ab) ' = b la .

1

By part 0, we can just show that (ab) b~ 'a~! = e, which is true because

abb ot =aa "l =e.

Part (iii), cancellation law.

1 1

Suppose ac = bc, then acc™! = bec™! = a = b. Similarly suppose ca = cbthenclca =

clebh = a=h.

Part (iv), ax = b has unique solution z in G5.

Suppose ax = b, then = a~'b, which could be verified to be a solution. For uniqueness, suppose
there exists x, 2" € G such that ax = az’ = b, then z = z’ by cancellation law.

Part (v),

Letm,n € Z,a € G. Note that conclusion trivially holds if m = 0 orn = 0.
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Supposen < 0, m > 0, then

aman = a-a-a- a*l . a*l ...a]*l
~—— — N —— e’

m times —n times
a-a--a if |m| > |n]
S
— J m+ntimes

al-a"t-a”l if jm| < |n|
—n—m times

In both cases, a™a™ = a™*". An analogous argument works for the case wheren > 0 and m < 0.

Now supposen > 0, m > 0, then

n

a a _a/.a/--.a-a.a.-.a
m times n times
= a-a-a
1@ d
m+n times
— aern
and the exact same argument also works the case where n < 0, m < 0 (replace a with a™1). d

Question 3

Part (i)

From elementary set theory we get the result that ¢! is a bijection too. It remains to show that ¢! is
also a group homomorphism.

Leth, b’ € H.
hxh' =¢ (¢ L (h)x¢ (¢t (R))
=@ (¢! (h)x o~ 1 (h))
¢ (hxh')=¢ (o (o7 (h)x ¢~ (B))))
= ¢ 1 (h)x ¢ (R) 0
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Part (ii)

Again, from elementary set theory, we have the result that i) o ¢ - a composition of two bijections, is a
bijection. Let g;, 9, € G.

(o) (g1 % 92) =1 (0 (91 % 92))
=1 (9(91) * 9(92))
=1 (¢(91)) @ ¥ (9(92))
(Vo) (g1)e(dod)(g2)
Hence v o ¢ is a group isomorphism. O
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