MA2202S Homework 3

Qi Ji (A0167793L)

26th October 2018

As this homework concerns Abelian groups, additive notation will be used throughout. All subgroups
are automatically normal.

Cauchy’s Theorem (finite Abelian groups). Let A be a finite Abelian group of order n. Suppose p € N
is a prime such that p | n, then there existsanv € A, v # Osuch thatp - v = 0.

Proof. Case of |A| = 1isvacuous. Case where |A| = 2 s trivial. Suppose result holds for all groups of
size less than n, let A be a Abelian group of order n and let p € N be a prime such that p | n. Let the
prime factorisation of n be

n=p°qqz -4y,
where ¢, q5, ..., g, are possibly repeated primes of which none are equal to p.

Since we are in the case that |A| > 1,takea € A\ {0}. If the order of a is a multiple of p, then let
ord(a) = pq’. By settingz = ¢’ - a,wehavep-z=p- (¢ -a) =0.

In the other case where p } ord(a), ord(a) = G | ¢,9- -~ q,. We generate the cyclic subgroup of q,
denoted (a). This subgroup is non-trivial as a # 0, then the quotient group A/ (a) has size n/q. Denote
that as p¢q, where p©qq = n. Since pG < n, use induction hypothesis to find z + (a) € A/ (a) such
thatp - (x + (a)) =0+ (a) and z + (a) # 0 + (a) or equivalently z ¢ a.

Thenp -z + (a) = p- (z+ (a)) = 0+ (a), which shows that pz € (a). Letpzr = b € (a) and
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I =ord(b) | g,soin particular ged(p, ) = 1. Let ¢, d € Z such thatep + dl = 1, then

pr=>
= (ecp+dl)b
= cpb + dlb
= pcb
p(x—cb) =0
Now x # cb, because cb € (a) butz ¢ (a). Setting v = x — cb completes the proof. O

(i)

We proceed via induction on the order of A. Base case when n = 1 is vacuously true. Suppose result
holds for all finite Abelian groups of order less than n.

Let A have order n and fix a prime divisor p, of n. Letp = p, and e = ¢;.
SetB={a€cA:p°-a=0}.

Claim 0. Bis a subgroup of A.

Suppose by, by € B, then p€b; + p®by = p°© (by + by) = 0,50 b; + by € B. We are done because B is
finite.

Observation 1 (Characterising property). If p** . ¢ = 0 forsome k € N,a € A, thena € B.
Asord(a) | p°**, ord(a) is a power of p, but ord a | n which entails that the power is at most e, hence
p¢-a=0.

Claim2. B+ {0}andp| |B|.

By Cauchy’s theorem, there exist an element of a € A with order p, so a € B and B is not trivial.
Additionally, by theorem of Lagrange, ord(a) = p | |B.

Claim 3. Forany j # i,p;, { |B|.

Suppose on the contrary that p; | | B|, by Cauchy theorem there exists b € B, b # Osuchthatp;-b = 0.
Then we have ord(b) | p; which implies that p; | p which is absurd.

Now from claim 0, B is a subgroup of A so | B| dividesn = p{* - p;". By2and 3, |B| = p¢ where
1 < ¢’ < eFinally, we claim that e’ = ¢, which will complete the proof.

Suppose on the contrary that ¢/ < e, then we consider the quotient A/B, which has order
pe e H#z.p]e-j < n. By Cauchy theorem, there exists v + B € A/B such thatv ¢ B and

p-(v+B) =04 B.Thenp - v € B, so by definition of B, there exists d € Z such that p¢ - (pv) = 0in
A, which implies that p@*! . v = 0, shows that v € B, a contradiction. O
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(ii)

Suppose we have a subgroup C' C A suchthat |C| = pfi, let B, be B as defined above for p;. It suffices
to show that C' C B; since both subgroups are of the same size. Let x € C, then pf -x = 0implying
thatord(x) | p;* which shows = € B, by observation 1. O

(iii)

Consider the internal sum By + By + --- + B,.. Forany i, considerany v € B; N Z#i B;. Then there
exists b; € B; forall i # jsuch that

v="by 4 b F b oD,

lettingp = ]%, we see that p kills RHS, so pv = 0 which means that ord(v) | p. We also have v € B,
and by characterising property ord(v) | p*. As ged(p;?,p) = 1, ord(v) = 1,s0 v = 0 and the sum is
direct.

Given a direct sum, we see that
By + Byt +B.~B ®B,& & B,.
The RHS has size pi*p3? -+ p;” = n, so the LHS also has the same size. Then as

B, +By+-+B,CA

and |A| = n, this cardinality argument shows that equality in fact holds. d
(iv)

By Lagrange theorem,p{1 | n=pi* - pr", which implies that f; < e;. Letc € C be arbitrary, then
p{l -¢ = 0whichmeans c € B;,hence C C B;. O
(v)

Only one because Sylow p,-subgroups are unique by (ii).
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Listing out the invariant factors
+3]3-3-5-5,
«3[3]3-5-5,
+3]|3-5]3-5,
+5]3-3-3-5,
*+3-5|3-3-5,
+3-3-3-5-5.

Which gives the following isomorphism classes

H3 D pogs
pg @ p3 © prs
p3 D His D ps

K5 © Hass

P15 © Hys

Hers

Let A, B be two distinct groups from the list above, let d 4, d 5 be the largest invariant factor for A, B
respectively. As each invariant factor divides the next, we know that elements in A have order at most
d 4, of which one has order exactly d 4, similarly for B. Without loss of generality assume d 4 < dp,
thenitisimpossible for A to have an element of order d 5, which shows a structural difference between
Aand B. O
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