MAG6222 Exercise for Week 5

Qi Ji

19th February 2019

Prove a = ¢, (0) is continuous.

Let f(a) = ¢, (0)and U C ON be a nonempty set, we want f(sup U) = sup f[U].

Inthe case where sup U = max Uresult easily follows as f preserves order, so without loss of generality
we consider the case where A = sup U'is a limit.

It suffices to show that

sup f[U] = sup min Cr(§) < min ﬂ Cr(¢) = min ﬂ Cr(&) = f(N).

¢eU ¢eU £<A

Forany( € U,
min Cr(¢) < min ﬂ Cr(¢).

EeU

Conversely we check that forall ¢ € U,

supmin Cr(§) = sup minCr(§) € Cr(¢)

&eU EelU £>¢
as & > Cimplies Cr(§) € Cr(¢) and Cr(() is closed, therefore SUP ¢, Min Cr(¢) € ﬂgeU Cr(&). Now
ifa < SUP, ., Min Cr(¢), then a < min Cr(() for some ¢ € U which means o ¢ ﬂgeUCr(g). This
shows the minimality.
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SC = {a: p,(0) = a}. Prove lemma 4.30 which says SC = {a : a > 0 A V€, < a, () <

at.

In general, each 8 € Cr(a), satisfies forall § < a, p¢[8] C 8. Toseethislet 8 = ¢, (n) and lety < j,
then by Theorem 4.25 (ii) 1

Pe(7) < B =pq(n).

Now when a € SC, then as a € Cr(«) the desired closure property follows.

Conversely suppose a > 0 satisfies the closure property, to show o € SC it suffices to show that
¢a(0) < a. We firstimmediately observe thatforall §,n < a, £ + 1 < ¢¢(0) + 7 < ¢e(n) < a, 50
a € AP.

By induction on fwe show 5 < ¢, (0) = 5 < a. If B ¢ AP just use induction hypothesis as « € AP.
Now for the case that 3 € AP, 8 = p¢(n) for n < . By p-comparison, the only valid case for

Pe(n) < 94(0)

entails that £ < «, and by induction hypothesis n < a'too,s0 8 = ¢¢(n) < .

Define ) : ¢, — F recursively as follows,

and whenever a = p w*t + - 4+ w%n,
Y(a)(z) = z¥@)@) 4. 4 g¥lon)@)

we can structurally induct to check that fis onto.

It remains to show a < 8 = ¥(a) < ¥(B). We induct on 3. Suppose 0 < a < B (a = 0 case s
trivial) and

o :NFwal + +wam

BZNFWﬂl 4o WP

now compare the normal forms.
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Casem < nand a; = f3; foralli < m, then

¥ (a) + some nonzero function = ()

so(a) < P(B).

Case there exists j such that a; < B;and a; = 3, forall 1 <4 < j. By induction hypothesis as
Y(a ) < (B;),so let ky such that forallz > k,

Plaj)(@) +1 < P(B;)(x)
T - xﬂ’(aj)@) < x’/’(ﬁj)(iv)

FHO@) || ge)@) < () @)

x copies

Now choose k > max(m — j + 1, k) that also witnesses ¢(a;) < 9(a;) forall j < i < m, thatis
whenever z > k, ¥(a;)(x) < ¢(a;)(z).

Whenever x > k,

p¥leg)@) oy pdlan)(@) < pilag)e) .y p(ey)(e)

m—j copies

< :Dﬂl(aﬂ(x) + 4 xd’@‘j)(@

x copies

< 2¥(8)@)
< 2PB)@) 4 g (B (@)

so it follows that

Pla) <p(B).

So by induction ¢ witnesses the isomorphism (g, <) = (F, <).

The order type of one variable polynomials under < is w* = 1)~ {one variable polynomials}.
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